
Astro 7B – Problem Set 4

1 Continuity: Traffic and the ISCO

Consider a straight stretch of highway. Measure position along the highway by x, and call λ

the number of cars per unit length of highway. We call λ a “linear number density” (units

of number per length).

Mark a position x = xA on the highway as the “starting line”. The number of cars crossing

the starting line per time is Ṅ . At some faraway distance, mark another position x = xB
as the “finish line”. The number of cars crossing the finish line per time is also Ṅ . We say

that the traffic is in “steady state”: the number of cars entering the highway per time is the

same as the number of cars leaving per time.

(a) Assume the cars all travel at the same speed v. Derive an exact expression for λ in

terms of the variables given.

(b) In the middle of the highway, between the start and finish lines, at position x = xI, the

speed of all cars abruptly increases by a factor of 1000. That is, for x < xI, car speeds are

v, but for x ≥ xI, car speeds are 1000v.1 Make a log-log plot of λ vs. x between xA
and xB and label your plot as much as you can using all the variables given. The

total rate of cars passing the start and finish lines is still Ṅ .

(c) Now we extend what we have learned in parts (a) and (b) to a disk geometry. The disk

is perfectly flat! It is not a sphere!

Consider first an infinitesimally thin annulus (think: “pizza crust rind”) whose inner radius

is r and whose outer radius is r + dr, where the infinitesimal radial width dr � r. The

annulus has a mass surface density of Σ (units of mass per unit area).

Write down the mass dM of the annulus, in terms of the variables given.

(d) The annulus is part of an accretion disk in which mass flows inward at a rate Ṁ ≡ dM/dt

(the “≡” symbol means “equals by definition”), where dt is the time it takes for the mass in

the annulus to be “emptied out” (i.e., to travel from r+dr to r). Define the radial accretion

velocity vr ≡ dr/dt.2

1Maybe there’s a traffic accident at xI, and traffic has slowed to a creep at x < xI, whereas at x > xI,

traffic resumes its normal flow.
2Our sign convention for this problem (and this entire course) will be that Ṁ > 0 and vr > 0. Sticklers

will note that technically Ṁ < 0 and vr = dr/dt < 0 since this is an accretion disk where matter flows

INWARD. But I like avoiding minus signs unless I absolutely have to deal them. Saying that the accretion

rate Ṁ < 0 is weird since it’s like saying that the object eats negative mass (losing weight)!
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Write down an expression for Σ in terms of the variables given. Compare with

your answer in (a).

(e) Consider an accretion disk whose “start radius” is at r = rA and whose “finish radius” is

at r = rB = 0.01rA (yes, the finish radius is smaller than the start radius because this is an

accretion disk where matter flows inward). Assume that accretion is steady: Ṁ = constant

with radius.

Assume further that the radial accretion velocity vr is constant with radius. Make a log-log

plot of Σ vs. r from rA to rB, and label your plot as much as you can with the

variables given. Take Σ(rA) ≡ ΣA. What is ΣB? Is it lower, higher, or the same

as ΣA, and by how much?

(f) Now imagine that at r = rI, between rA and rB, the accretion velocity vr suddenly

jumps by a factor of 1000. That is, for rA > r > rI, the accretion velocity is vr, but for

rI ≥ r > rB, the accretion velocity is 1000vr. Plot the resulting surface density profile

Σ vs. r. Please overlay this curve on your same plot for (e) so that you can

see immediately what the differences are. Continue to assume that Ṁ = constant

everywhere.

In this problem, rI is like the radius of the innermost stable circular orbit (“ISCO”) around

a black hole: the location where the radial accretion velocity suddenly increases by a huge

factor, up to values of order the speed of light, with significant consequences for the surface

density of matter.

2 Eddington Limit for Dusty Gas

In class we derived the maximum luminosity emitted by a spherical accretor of fully ionized

hydrogen plasma. This is called the Eddington limit.

Not every object in the universe accretes a fully ionized hydrogen plasma. Some objects

— e.g., molecular cloud cores that collapse to form star clusters — accrete cold neutral

hydrogen. There is an analogous Eddington limit for spherical accretors of molecular gas

— where H2 replaces protons, and dust grains replace electrons. That is, radiation pressure

exerts a repulsive force on dust grains, and the dust grains communicate this force to ambient

gas via drag forces between dust and gas.

Assume that (i) H2 gas accretes spherically onto an object of mass M ; (ii) the accreting gas

is filled with dust grains such that the dust-to-gas mass ratio ρdust/ρgas = ε = constant � 1

(ρdust is the mass density of grains in units of mass of dust per unit volume; ρgas is the mass

density in gas in units of mass of gas per unit volume); (iii) grains can be modeled as spheres
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of radius s with internal (bulk) density ρint; and (iv) grains present their geometric (read:

ordinary) cross-section to radiation.

Derive a formula for the analogous Eddington luminosity Lmax in terms of M , ε, s,

ρint, and fundamental constants. Evaluate your expression for Lmax for M = 1M�,

s ∼ 1µm, ρint ∼ 1 g/cm3, and ε ∼ 10−2 (express Lmax in L� and compare to the

conventional Eddington luminosity).

3 Measuring Black Hole Spin

This problem illustrates how astronomers infer the spin of a black hole.

Consider an accretion disk surrounding a black hole. Consider only the innermost annulus,

extending from, say, a radius of RISCO to 2RISCO. As discussed in lecture, RISCO is the

radius of the “innermost stable circular orbit”; inside of this radius, gas densities are so low

that very little radiation is emitted. The lion’s share of the radiation emitted by the disk is

emitted from the innermost annulus, just outside RISCO.

Assume the innermost annulus radiates as a blackbody of uniform temperature T , and that

it is at a distance from Earth of d. Assume also that the observer at Earth observes the

disk face-on (i.e., with an inclination i = 0). In other words, the disk appears as a perfectly

circular ring to the observer.

(a) The observer at Earth measures a total flux F (units of erg/s/cm2) from the entire

annulus. Assume for simplicity that the disk annulus radiates spherically symmetrically into

space, so that F = L/4πd2, where L is the total luminosity of the annulus.

Derive an expression for RISCO in terms of all of the variables given EXCEPT

for L. Make sure L does NOT appear in your answer. Keep close track of all

order-unity factors like 2 or π.

(b) The peak of the spectrum Fλ (flux per unit wavelength interval) peaks at λpeak = 2.9 nm,

and the bolometric flux F =
∫∞
0
Fλdλ = 2.2 × 10−11 erg/cm2/s. From other observations it

is known that d = 1 kpc.

Use this data to solve for RISCO in km.

(c) The mass of the black hole is known to be M = 10M� (e.g., from mass-function mea-

surements of an orbiting stellar companion). Given this mass, and your answer in (b),

comment on the black hole’s spin: is it closer to a non-spinning or a maximally

spinning black hole?
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