
Astro 7A – Problem Set 8

1 Practice with Maxwell-Boltzmann

Most of the gas in the universe is a plasma. By plasma, we mean the gas is ionized. Consider

a pure H plasma—i.e., a gas of protons and electrons, with equal number densities. The

plasma is in thermal equilibrium at temperature T.

(a) The most probable speed of a particle of mass m is given by the Maxwell-Boltzmann

distribution to be vprob =
√

2kT/m. You can recover this result by finding the maximum

of the Maxwell-Boltzmann distribution. (It is analogous to finding the peak of the Planck

function.)

The most probable speed is not the same as the average speed—the speed averaged over all

particles. In other words, the mode (most probable) is not the mean (average). Derive a

symbolic expression for the mean particle speed, vmean.

You will need to perform an integral over the M-B distribution. The integral
∫

∞

0
x3 exp(−x2)dx =

1/2 should be useful. Recall also that when calculating an average, one needs to divide by

the number of samples over which the average was calculated. [You may find it helpful to

refer back to a previous problem set on time-averaging a continuous function f(t). In that

problem, the average was calculated using samples in time. Here the average is calculated

over samples of particles.]

You should find that the mean speed is similar, but not identical, to the most probable

speed.

(b) On average, which moves faster, the proton or the electron? By what factor?

(c) Derive a symbolic expression for the mean energy per particle, Emean. Again, you will need

to perform an integral over the M-B distribution. Here the integral
∫

∞

0
x3/2 exp(−x)dx =

3
√
π/4 may be useful.

(d) On average, which has more energy, the proton or the electron? By what factor?

2 The B Side

Consider a B star atmosphere, at a temperature T = 1.5×104K.1 Take the atmosphere to be

composed only of hydrogen. Most, but not all, of the hydrogen in the atmosphere is ionized.

1Some famous B stars include Spica or Regulus, a couple of the brightest stars visible in the Northern

Hemisphere. Others include Pam Grier and Vincent Price.
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Take the total number density of hydrogen (ionized and neutral) to be ntotal = 1015 cm−3.

(a) Calculate the ratio of partition factors for hydrogen. In evaluating the partition factor

for neutral H, consider only the first two terms in the sum (n = 1 and n = 2).

(b) What percentage of the hydrogen is neutral?

(c) Grab at random one of the (few) neutral H atoms present. Is your atom more or less likely

to be in the ground state than the first excited state? By what factor do the probabilities

differ (i.e., the ground state is more likely than the first excited state by what factor)?

(d) The temperature of the B star is not high enough for the average kinetic energy of a

particle to equal the ionization energy for hydrogen. Thus it seems that particles, on average,

do not have enough energy to collisionally ionize hydrogen. By what factor is the average

kinetic energy smaller than the ionization energy?

Despite your answer in (d), most of the hydrogen is actually ionized (as you should have

shown in (b)). We will explain this apparent discrepancy in class.
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